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Constructions

Classical Greek geometry is grounded in constructions, algorithms for

producing geometric figures. The most common type of construction to

the Greeks is now known as a straightedge and compass construction1,

which – echoing Euclid’s postulates – allow one:

P1. To draw a straight line from any point to any point.

P2. To produce a finite straight line continuously in a straight line.

P3. To describe a circle with any center and distance.

Other constructions (ruler/notched straightedge/nothing and compass/

rusty compass, ruler and tumbler, origami, etc.) exist but have a smaller

body of work associated to them.

1This restriction is purportedly due to Plato.
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Accomplishments of Greek Constructions

Despite the limitations of their tools, the Greek geometers were able to

construct many impressive things:

1. Angle bisectors, perpendiculars, inscribing/circumscribing circles.

2. Quadrature of polygonal regions.

3. Regular polygons with n = 2i · 3j · 5k sides, with j ≤ 1 and k ≤ 1.
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Impossible Greek Constructions

On the other hand, Greek geometers were famously unable to produce

the following ‘simple’ constructions:2

1. Trisecting of the angle

2. Doubling the cube (The Delian Problem)

3. Quadrature of the circle (also known as Squaring the Circle)

4. Construction of regular n-gons for n = 7, 9, 11, 13, 14, . . .

2Some of these problems were known to be solvable with minor modifications. Angle

trisection is possible with a ruler with two notches and doubling the cube is possible

by intersecting conics. The regular 7-gon is constructible in origami.
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Constructible Numbers

Our tack is essentially due to Descartes (The Geometry, 1637), who first

used coordinates could turn geometric problems into algebraic ones:

Greek constructions are scale-invariant, so there is no conception of

absolute size (or a unit). But, given a length to start, we can ask which

other lengths may be constructed.

We call a positive number x constructible if a segment of length x

(units) may be constructed using straightedge and compass and an initial

segment of length 1 (unit).

The set of constructible numbers is the set

C = {x | x = 0 or |x| is constructible}.
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The Field of Constructible Numbers

Question:

Can we describe the set C of constructible numbers algebraically?

1. Each integer is constructible.

2. The set C is closed under addition and subtraction. (In other words,

it is a group under addition.)

3. The set C is closed under multiplication. (Thus it is a ring.)

4. The set C is closed under non-zero division. (Thus it is a field and

contains Q.)

5. The set C is closed under taking square-roots.
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Impossible Problems and Constructible Numbers

The classic impossible problems of Greek geometry we introduced may all

be stated in terms of the field of constructible numbers:

1. Doubling the cube ⇐⇒ 3
√
2 ∈ C.

2. Squaring the circle ⇐⇒
√
π ∈ C.

3. Constructing the regular n-gon ⇐⇒ cos(2π/n) ∈ C.

4. Trisecting the angle ⇐⇒ (cos θ ∈ C =⇒ cos(θ/3) ∈ C)
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Problems



Classification of Regular Polygons

The first modern progress in the classification of constructible n-gons

came from Gauss in 1796, when he showed that the regular 17-gon was

constructible. This follows from the closed form

16 cos
(
2π
17

)
= −1 +

√
17 +

√
34− 2

√
17

+ 2

√
17 + 3

√
17−

√
170 + 38

√
17.

Gauss showed that a sufficient condition was that n = 2j · Fk1 · · ·Fkr ,

where the Fk are distinct (Fermat) primes of the form Fk = 22
k

+ 1.
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Modern Resolutions

Gauss’ sufficient condition was proven to be necessary in 1837 by Pierre

Wantzel. In the same paper, Wantzel showed that the problems of angle

trisection and double the cube were also impossible.

Wantzel’s solution builds upon the work of Gauss3 and considers families

of quadratic equations x2i +Aixi +Bi = 0, in which Ai and Bi are

rational functions of the roots of the previous equation. He proves:

Theorem (Wantzel, 1837):

Any ‘Wantzel system’ of n equations corresponds to an equation of

degree 2n. Thus any constructible number is a root of an equation of

degree 2n.

Wantzel’s proof is no longer taught because its ideas are now part of a

general framework called Galois theory.

3and Lagrange and Vandermonde

8



Modern Resolutions

Wantzel’s Theorem immediately resolves

1. the Delian problem, since deg(x3 − 2) = 3

2. angle trisection, since cos(θ/3) satisfies 4x3 − 3x = cos θ

3. the constructibility of regular n-gons, since the minimal polynomial

of e2πi/n has degree

ϕ(n) = n
∏
p|n

(
1− 1

p

)

Squaring the circle would not be resolved (again in the negative) until

1882, when Ferdinand von Lindemann proved that π was transcendental.4

4This last conclusion was expected long beforehand. Lambert conjectured the

transcendence of π after he proved it was irrational in 1768.
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Questions?
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