
PROBLEMS FROM THE HISTORY OF MATHEMATICS

PROBLEM SET #3

DUE FRIDAY, 2/16/2018

Exercise 1. We say that an Archimedean solid has vertex configuration
{n1, . . . , nk} if each vertex borders polygons with n1, n2, . . . , nk sides. We
will assume that the ni are non-decreasing for notational simplicity.

In this exercise, we classify the Archimedean solids with k > 3. (We omit
the final case, k = 3, which is the most involved.) Our proof is similar to
the proof of Kepler.

a. Suppose that a solid has vertex configuration {n1, . . . , nk}. Prove

k∑
i=1

(
1− 2

ni

)
< 2.

Hint: Consider the sum of the internal angles of the ni-gons.
b. Use (a) to show that k ≤ 5. Why must k ≥ 3 as well?
c. Suppose that k = 5. Prove that n1 = 3. Complete the classification

of the k = 5 case. Identify the three solids constructed this way.
(Note: one will be the icosahedron; ignore it.)

d. Suppose that k = 4. Prove that n1 = 3 and that n2 = 3 or 4.
e. We consider the case {3, 3, n3, n4} first. If n3 = 3, we obtain a

Platonic solid or an infinite family of solutions. What are they?
f. Now consider {3, 3, n3, n4} with 4 ≤ n3 ≤ n4. Prove that the two

triangles cannot be adjacent and that n3 = n4. What are the two
Archimedean solids from this case?

g. We consider {3, 4, n3, n4}. Using (a), what are the options for n3
and n4? What are the two corresponding Archimedean solids?

Exercise 2. The Euclidean algorithm may be carried out in a geometric
fashion as follows. To compute gcd(m,n), first construct an m×n rectangle.
Mark out squares of the shorter side length in the interior until there is no
room to continue. Repeat this process with the new rectangle that remains
and stop when there is no remainder.

a. An example construction is presented at the top of the following
page. What are the proportions of the original rectangle?

b. What happens if you attempt this construction with a golden rec-
tangle, ie. a rectangle with side lengths 1 and ϕ := (1 +

√
5)/2?

c. Describe a rectangle of integer side lengths m and n that gives the
same number of marked off squares at each step as in (b) but that
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Figure 1. The rectangle for Exercise 2a.

terminates in the kth step with exactly 2 squares of smallest size.
What are the proportions of your rectangles?

d. Use (c) to give a sequence of rational approximations to ϕ. When is
your answer an over- or under-estimate?

Exercise 3. This exercise explores Archimedes’ approximation to π using
the method of exhaustion.

1. What is the area of the regular n-gon inscribed in the unit circle?
What is the minimal n for which this area is > π − 1/100? What if
we only consider constructible n-gons?

2. Likewise, what is the area of the regular n-gon circumscribing the
unit circle? What is the minimal n for which this area is < π+1/100?
What if we only consider constructible n-gons?


