
PROBLEMS FROM THE HISTORY OF MATHEMATICS

PROBLEM SET #7

DUE FRIDAY, 3/16/2018

Exercise 1. Let n be square-free and congruent to 7 mod 8. Prove that n
is congruent if the Birch–Swinnerton-Dyer conjecture holds.

Exercise 2. The rational points on an elliptic curve (together with a point
O at infinity) form a group under addition. The addition law is shown in
the case of the curve y2 = x3 − 36x below:

To add two rational points P and Q, construct the secant line between
them (or the tangent if they coincide). If this secant intersects the elliptic
curve a third time, define P + Q as the reflection of this intersection over
the x-axis. Otherwise, define P +Q = O, the point at infinity.

a. Find all the rational points on the curve y2 = x3 − 6x with order
2 under this group law. With O, these are the only points of finite
order on the curve. What group is this isomorphic to?

b. Use the group law and the fact that (12, 36) lies on this curve to find
another point (x, y) on the curve with x, y > 0.

c. Use the point you found in (b) to construct a right triangle of area
6 which is not the (3, 4, 5) triangle.

Exercise 3. The following “counterexample” to Fermat’s Last Theorem
appears in S2.8 of The Simpsons:

398712 + 436512 = 447212.
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Use modular arithmetic to find an error in this supposed counterexample.

Exercise 4. Let p be an odd prime and suppose that 2p+ 1 is also prime.
(We call such primes Sophie Germain primes.) If xp + yp = zp, prove that
Sophie Germain’s theorem applies to give p2 | xyz.

Exercise 5.1 Suppose that x3 + y3 = z3 with x, y relatively prime and
consider the factorization

x3 = z3 − y3 = (z − y)(z − ζ3y)(z − ζ23y).

We showed in class (assuming that Z[ζ3] had unique factorization) that the
GCD of any two of z − y, z − ζ3y, and z − ζ23y was either 1 or 1 − ζ3. We
also showed that the second case implies 3 | xyz.

a. Suppose that 3 - xyz, so that z−y, z− ζ3y, and z− ζ23y are pairwise
coprime. Show that x+ y and x2−xy+ y2 are coprime integers and
therefore cubes.

b. Replace z 7→ −z so that x3 + y3 + z3 = 0. Show that there exist
integers a, α, b, β, c, γ such that

x+ y = a3 x2 − xy + y2 = α3

x+ z = b3 x2 − xz + z2 = β3

y + z = c2 y2 − yz + z2 = γ3

c. Reduce the equation x3+y3+z3 = 0 modulo 7 to prove that 7 | xyz.
Assume that 7 | x by symmetry and prove that

a3 + b3 + (−c)3 ≡ 0 mod 7.

d. Prove that 7 | abc and that 7 - a, b. Thus 7 | c. (So y ≡ −z mod 7.)
e. Prove that γ3 ≡ 3β3 mod 7. Conclude that 7 | z. How does this

finally lead to a contradiction?

1This exercise is adapted from an exercise of Joseph Rabinoff. It resembles a proof of
Sophie Germain.


