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Problem Statement

The Four Color Theorem is the statement that any map can be colored

using only four colors. More precisely, it is the statement that:

The Four Color Theorem

Any division of the plane into connected components can be colored

using at most four colors such that the colors of adjacent regions are

always distinct.

Identifying connected components with vertices and borders with edges

turns the Four Color Theorem into a statement in graph theory.1

The Four Color Theorem

Every planar graph has a four-coloring, ie. an allocation of four colors

to the vertices such that no two adjacent vertices have the same color.

1Specifically, a statement in graph coloring.
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Early History

The Four Color Theorem

appears to originate with

Francis Guthrie, who noticed in

1852 that four colors sufficed to

color his English county map.

Francis shared this problem with

his brother, Frederick, who

asked his mentor, Augustus De

Morgan, for a proof.

De Morgan passed the problem

onto Hamilton in 1852 and

posed it in print in 1860.
De Morgan’s adorable examples
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Some Basic Observations

1. At least four colors should be required. This is because the complete

graph on four vertices, K4, is planar.

2. It’s enough to consider graphs which are triangulations, ie. for which

the faces of the graph are all triangles (including the exterior face).

3. By induction, we consider graphs G for which removing any vertex

leaves a 4-colorable graph.
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Vertices of Minimal Degree

The idea of removing a vertex, coloring the graph by induction, and then

adding the vertex back in is a powerful one. It is most helpful when the

removed vertex has small degree.

In general, the minimal vertex degree can be quite large (e.g. in the

complete graph Kn). But for planar graphs, we have an upper bound:

Theorem:

Let G be a planar graph. Then G has a vertex of degree at most 5.2

Proof: Since G is planar, Euler’s formula gives V − E + F = 2 for the

numbers of vertices, edges, and faces. WLOG, let G be a triangulation;

then 3F = 2E =
∑

deg vi. If deg vi ≥ 6 for all vi, then

2 = V − E + F = V +
(
− 1

2 + 1
3

)∑
deg vi =

∑
(1− 1

6 deg vi) ≤ 0.

This is a contradiction.

2This bound is sharp. The icosahedral graph is planar and 5-regular.
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The Five Color Theorem

Our bound on the minimal vertex degree is powerful enough to prove a

weaker result called the Five Color Theorem. Our proof builds upon the

ideas of an incomplete proof of the Four Color Theorem (Kempe, 1879):

The Five Color Theorem (Heawood, 1890):

Every planar graph G is five-colorable.

Proof: Let v be a vertex of G of minimal degree. The graph Gr v is

5-colorable by induction. If deg v < 5, our coloration extends trivially.

Thus v meets vertices v1, . . . , v5 (in cyclic order) and the colors of the vi
are distinct; call the colors 1, . . . , 5.

Let G1,3 be the subgraph of Gr v composed of vertices of color 1 or 3.

If v1 and v3 lie in different connected components, we color-swap one of

the two regions and finish. Thus v1 and v3 are connected in G1,3 WLOG.

But also v2 and v4 are connected in G2,4 WLOG. These two statements

are incompatible, so one of the simpler cases must have held.
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Kempe’s Incomplete Proof

Kempe’s proof, while ultimately flawed, contains several ideas that would

be applied in later work. In particular, Kempe pioneered the use of the

chains that appear in color-restricted subgraphs of Gr v, which are now

called Kempe chains. Here is a sketch of Kempe’s original proof:

Proof: Let G be a minimal planar graph which does not admit a

four-coloring. Suppose WLOG that G is a triangulation.

1. If G has a vertex v with deg v ≤ 3, 4-color Gr v by induction, then

add v back in using a color which is absent from v’s neighbors.

2. If G has a vertex v of degree 4, 4-color Gr v by induction. If the

four neighbors of v omit some color, we’re done. Else, let v1, . . . , v4
denote the neighbors of v, in cyclic order. We proceed as in the Five

Color Theorem, considering the chains formed in G1,3 and G2,4.

3. Otherwise, min deg v = 5. It is this case that fails in Kempe’s proof.
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Reducible Configurations

The moral of Kempe’s proof is that removing vertices one at a time is

not sufficiently general. Instead, we might remove larger subgraphs,

recolor the subgraph and its complement3 in a compatible way, and then

insert the subgraph back in.

A reducible configuration is a subgraph whose presence in a larger graph

implies that the full graph can be 4-colored by induction.4 Heesch later

introduced the idea of D-reducibility, in which any exterior coloring

would be compatible with some subgraph coloring.5

Let S be a set of graphs. If any graph G necessarily contains an element

of S as a subgraph, then S is called an unavoidable set.

3In part, by strong induction
4In other words, it can always be made compatible with its complement.
5Perhaps with the assistance of some Kempe chain recolorings.
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Unavoidable Sets of Reducible Configurations

To prove the Four Color Theorem it would suffice to find an unavoidable

set of reducible configurations. Unfortunately, this is a lot harder than it

sounds.

A Non-Example: The three element set

is an unavoidable set among (sufficiently large) triangulated planar

graphs. The first two graphs are reducible but the third is not.

A lot of work on the Four Color Theorem in the early twentieth century

followed this approach. In 1940, C.E. Winn showed that any planar graph

of at most 35 vertices was 4-colorable.
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A Proof of the Four Color Theorem

In the 1960s, several mathematicians (including Wolfgang Haken) began

to wonder if computers could help identify D-reducible configurations by

applying an exponential-time algorithm due to Dürre which could identify

D-reducible subgraphs.

The prevailing attack c. 1970 was to collect thousands of D-reducible

graphs and hope to prove that they formed an unavoidable set.

Haken considered the alternative: one might identify a small unavoidable

set of likely D-reducible graphs and use this to expedite calculation. He

enlisted Kenneth Appel and John Koch to help, and by 1976 they had

constructed an unavoidable set of 1936 reducible configurations.

The Four Color Theorem was proven.
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Legacy of the Four Color Theorem

The Four Color Theorem was the first major mathematical result to be

proven using computer assistance. Appel–Haken’s dependence on

computers to verify reducibility and unavoidability made their proof

controversial, but it – and other proofs which use computer-assistance –

are now widely accepted.

In 1996, Robertson, Sanders, Seymour, and Thomas announced a second

proof, which required checking only 633 reducible configurations. Despite

this simplification, the proof is still too tedious to be checked by hand.

The Four Color Theorem was verified inside the Coq kernel, an automatic

proof-checker, in 2005.6

6Thus one only has to trust a single program to trust the proof.
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Questions?
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