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Exercise 1. In 1837, Dirichlet proved that any arithmetic progression an+b
with (a, b) = 1 contains infinitely many primes.1 Dirichlet’s proof is widely
considered the genesis of analytic number theory. In this exercise, we estab-
lish Dirichlet’s theorem in a special case.

a. Let p1, . . . , pk be a finite list of primes congruent to 3 mod 4. Con-
struct an integer which is 3 mod 4 that is not divisible by any pi.

b. Prove that there are infinitely many primes congruent to 3 mod 4.

Exercise 2. Let S be a set. The set of subsets of S, denoted P(S), is called
the power set of S. In this exercise, we prove that there does not exist a
bijection S → P(S) by showing that no map S → P(S) can surject.

For the sake of contradiction, suppose that f : S → P(S) surjects. Define

T = {x ∈ S : x /∈ f(x)}.

Since f surjects, there exists t ∈ S such that f(t) = T .

a. Show that t ∈ T leads to a contradiction.
b. Show that t /∈ T leads to a contradiction. Thus f cannot surject.

Exercise 3. Construct an explicit bijection between the real numbers and
the open interval (0, 1).

Exercise 4. This exercise presents an analogy to Gödel’s incompleteness
theorem due to Raymond Smullyan. We consider a machine which prints
statements. Some of the statements this computer might print look like:

P*x , meaning that the machine will print x

NP*x , meaning that the machine will never print x

PR*x , meaning that the machine will print xx

NPR*x , meaning that the machine will never print xx

1Dirichlet’s proof is loosely based on Euler’s proof that the harmonic series of primes
diverges. To extract primes in a given congruence class, Dirichlet introduces series of the
form

∑∞
n=1 χ(n)/n

s, with χ a multiplicative and periodic function. These series are now

called Dirichlet L-functions.
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a. What does the statement NPR*NPR* assert?
b. We consider two cases, depending on whether or not the machine

ever prints NPR*NPR*. Which of the following four outcomes describe
the two possible cases?

i. There is a true statement that the machine prints.
ii. There is a false statement that the machine prints.
iii. There is a true statement that the machine never prints.
iv. There is a false statement that the machine never prints.

Gödel’s incompleteness theorem boils down to a clever proof that state-
ments like NPR*NPR* can be expressed using only arithmetic. Here, the
‘machine’ is a device which combines the axioms of Peano arithmetic and
prints the output: the (true) statements that can be proven in that system.


